where fix) is an integrable function on the finite or infinite interval (a b), and wix) is a given, fixed function such that its moments ck = /(w; xk) (fc = 0, 1, 2, • • • ) exist and c0 > 0.
In this paper we consider quadrature formulas which use multiple nodes chosen in advance and other simple nodes which we choose to increase the degree of exactness of the formulas.
To be more precise, let ai, a2, ■ ■ • ,ap be real numbers, which are assumed to be fixed, such that the polynomial Aix) = Cix -ai)miix -a2)'"2 ■■• ixap)m» (C ^ 0) where the m, are positive integers, is nonnegative for all x in (a, b). Let X\, x2, ■ ■ ■ , xn be distinct real numbers. In the following we will assume that fix) has a derivative of order mf -1 at the point a,-(i = 1, • • • , p) and we consider a quadrature formula of the form (1) Iiw;f) = Vif)+Rif)
where Vif) = 22Aifixi) + Z E Bkwfwiak)
and the remainder Ä(/) is then, by definition, the difference Iiw;f) -Vif). Given the nodes ak and their multiplicities mk the problem is then to determine the simple nodes x, and the coefficients A< and Bkw so that formula (1) has the highest degree of exactness. (As usual, we say that (1) has a degree of exactness s if fi(l) = Rix) = • • • = Rixs) = 0 and Rix+1) * 0.) We will call the ak the fixed nodes and the .r¿ Gaussian nodes.
In Section 2 we give a vew properties of formula (1) and in Section 3 a brief historical summary of special cases of this formula. In Section 4 we tabulate some particular formulas.
is orthogonal on the interval (a, b) with respect to the weight function wix)Aix) to any polynomial Un-iix) of degree ^n -1.
Since Pnix) is orthogonal on (a, b) with respect to a nonnegative weight function it is well known that its roots Xi, x2, ■ ■ ■ , xn are real, distinct and lie in the interior of (a, b). If a = -b so that the midpoint of (a, b) = ( -6, 6) is the origin and if the weight function wix)Aix) is even then the roots of P"(x) will also be symmetric with respect to the origin.
The Gaussian nodes a;,-can be found either from a relationship of Christoffel type ]19, 23], or by determining the minimum of the following function of n variables
or by calculating the orthogonal polynomial Pnix) and its roots by a direct method.
If we use the Lagrange-Hermite interpolating polynomial for fix) at the nodes Xi and ak, we obtain the following expressions for the coefficients of ( 1 ) :
where ■sp f(a; -ak) ( 1 \ 1 , ŝ
We also have [18] (Ajx)l2jx)\ XAixWixi)) so that the Ai are all positive. The Bkh) are not necessarily positive. The remainder R(f) can be expressed as
where ¿ is some point belonging to the smallest segment containing the x¿ and ak This relationship can be derived by considering the interpolation formula Here the coefficients of/o>(0) are zero forj odd. If the number of Gaussian nodes n is odd (2fc 4-1) then one of these will coincide with the origin and a formula similar to (6) is obtained with the multiplicity of the fixed node a2 = 0 increased by 2.
I.
5. (a, b) finite, w(x) = 1, ai = a, a2 = b(p = 2); no Gaussian nodes. Here
where Cn,k = 7-77--rr, • This formula was first given by Hermite [5] . It was also k\(n -k) ! derived by other methods by Obreschkoff [11] and Stancu [18] . The special case m-i = m2 was given (without proof) by Petr [12] .
For additional discussions of some of the above mentioned formulas see Ionescu [6] and Krylov [7] . For references to tables giving nodes and coefficients in several of these formulas see [21].
4. Numerical Results. In the accompanying tables we give numerical values of the nodes and coefficients in certain of the above formulas. The formulas are divided in the following way : Table 1 . f fix) dx. Table 2 . f e~x'fix) dx. Table 3 . f e~Jix) dx.
Jo
The formulas of Table 1 have fixed nodes at the ends and/or the middle of the interval [-1, 1]. The formulas of Tables 2 and 3 have a single fixed node at a; = 0. The formulas of Tables 1 and 2 are all symmetric with respect to the origin and we tabulate only the nodes and coefficients for Xi ^ 0, ak è 0. As mentioned above the coefficients of the terms fU) ( -1 ) and/0' ( 1 ), for j odd, in the formulas of Table 1 , have opposite signs.
As also previously mentioned, the symmetric formulas in which the point x = 0 is a fixed node have the property that the coefficients of the odd derivatives/(1,(0), /(3,(0), • • • , are zero. In such a case if x = 0 is the only fixed node, and if it has multiplicity 2i>, then the formulas of this type, in Table 1 for example, become /l 2k y-1 fix) dx^22 Aifixi) + 22 B2y/(23)(0).
These formulas share the property of the classical Gaussian formulas that a formula with N = 2k 4-v terms is exact for all polynomials of degree ?22Af -1.
For the multiple nodes the first coefficient given in the tables is the coefficient of the value of the function at the node, the second is the coefficient of the first derivative, etc. For the symmetric formulas with a fixed node x = 0, the coefficients of the odd derivatives/a>(0),/C3>(0),
• • • , are omitted since these are zero. 
Node
The coefficients bn , c" in this relation were computed from _ Ijw; a;"Pn_i) , " hn -Ii;x^Pn-ù + *-
where ßn-i is the coefficient of x"~ in Pn_i(a;) :
The zeros of Pnix) were found by the Newton-Raphson iterative method. The coefficients in the quadrature formula were found by solving a linear system of equations. The computations were all carried out in double precision using the multiple precision floating point program described in [22] ; in double precision this program carries about 24 significant figures. The computations were checked computing all the monomial integrals for which a given formula should be exact and comparing these with the exact values. The values given in the tables are all exact to within one unit in the 20th significant figure.
For each formula given in the tables Kin+m is the constant in the remainder representation of equation (3); here n is the number of Gaussian nodes, m is the sum of the multiplicities of all the fixed nodes and the formula is exact for all polynomials of degree <2n 4-m. A number in parentheses in front of a node or coefficient is the power of ten by which the fractional part must be multiplied to obtain the true number.
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